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A GENERALIZATION OF UNIVALENT FUNCTIONS

WITH BOUNDED BOUNDARY ROTATION

BY

EDWARD J. MOULIS, JR.Í1)

ABSTRACT.  This paper introduces a class of functions which generalizes

both those functions  f(z) with bounded boundary rotation and those functions for

which  zf (z) is  a-spirallike.  A simple variational formula for this class is

derived and used to determine sufficient conditions for the univalency of functions

therein.  Various representations for these functions are given, and these are used

to derive another condition for univalence; this one is the best known so far in the

subclass consisting of functions f(z)   for which   zf (z) is  a-spirallike.   Bounds

on the modulus of the Schwarzian derivative are also derived; these are sharp in

the subclass of functions having bounded boundary rotation.

1.  Introduction.   Let  Qa  denote the class of functions   q(z) having the prop-

erties that  q(z) is regular in   E - \z: \z\ < li,   q(0) = 1, and, for every  r,   0 < r < 1,

77 \Re [eiaq(reñ)\\ dd < krr cos a,
Jo

where  k > 2  and  a  is real, |a| < tt/2.  Recently, M. S. Robertson [ill  derived a

variational formula for this class of functions.   The class   OC  is the well-known

class   P consisting of normalized functions which map  E onto the right half-plane.

In this paper, we introduce and study a related class of functions.

V*   will denote the class of functions  f(z) which are regular in   E, satisfy

/(0) = 0, /'(0) = 1  and f'(z) 4 0 in  E, and have the property that  1 + zf"(z)/f'iz)

is in  Qa. Hence functions in  Va   satisfy the condition

(L1)        JoW|Re|e¿a|1+"^T'   frö-Ä77COSa' 0<r< 1,   z=re¿0,

where  k   and  a  are real constants satisfying the same constraints as above.

Functions in   Vq have bounded boundary rotation, and were first studied by

Lowner [5]  and Paatero  ([7], [8]).   Functions in the class   V*   with a 4 0 no

longer necessarily have bounded boundary rotation, but they possess other inter-

esting properties.  Since the integrand in (1.1) is the absolute value of a function

harmonic in  F, functions in   V     satisfy
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(1.2)        Jo277|Re|e¿ari+^(^-llL(9= 277cosa,       z = rei9,  0 < r < 1.

An argument based on the continuity of the integrand in  (1.2) shows that we must

have

which means that  zf (z) is  a-spirallike in   E.

Paatero [7] showed that functions in   VQ are univalent whenever 2 < k < 4.

Recently, Robertson [lu] showed that functions in  V'a  are univalent for a certain

range of cos a. This paper gives various conditions on k and a which assure

that functions in   Va   are univalent.   The techniques used to obtain these condi-

tions also provide insight into other analytic and geometric properties of  V*.

2.   Representation theorems and a coefficient bound.  We first derive a repre-

sentation for the class  Q*   with the help of a theorem found in [7].

Theorem.   Let f(z) = u(z) + iviz) be regular in E.  If z = re      and fQ \u(ret<p)\dcp

is bounded for r < 1, there exists a real-valued function ^(0) with bounded varia-

tion in [O, 277I such that, for z  in E,

f{z) - i ST r^dm + w{0)-

The total variation of ipid)  is given by

P77 I¿0(ö)| = lim PQn \uirei(t>)\ z/0.

If we set  f(z) = (e'aq(z)- i sin a)/cos a,then zXz) = Rei/(z)S = Rele!az7(z)/cos a|.

If  q(z) belongs to  0* , then

Jo I cos a J I -
2= reid,  0<r< 1.

Further,

viz) = lmlfiz)\ = Im!ez<Vz)/cos a\ - (sin a)/cos a,

viz) = tan a Re \q(z)\ + Im qiz) - tan a,

v(0) = 0.

/(z) is regular in  |*| < 1 for  |a| < ?t/2, so Paatero's theorem gives the following

representation.

Theorem 1.   // q(z^  is in Qka, then

a rlrr 1

(2.1)
3   ,   n      cos a  Z"277 l + ze
~q(z) _ ___ j o i4>dvi<p) (- i sin a,      |*| < 1,
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where z/z(f/>)  is a function with bounded variation on [0, 277] satisfying

(2.2) j27T difjicb) = 2tt,

and

(2.3) ff |zW)| = lim ff I Re j^l U < ¿7,
J 0 r—j JO ^  cos aj I       -

We use this theorem and another representation theorem due to Paatero [7l

which states that functions  f0(z) in   VvJ may be written

(2.4) f0iz) = |o2 exp (-1 Jf log(l - *efô)#(0)) *,

where  \fj(d)  satisfies conditions  (2.2) and  (2.3).  Differentiation of both sides of

(2.4) yields

„,, ,      Zf0{z)       1    f277l + zei9      ,.
(2-5) 1+"zT7T = :3irJn   -^#w),

/0U)      277J0     l-ze'*9

and so substitution in (2.1) gives

«r <u)i i   j, 2/°(z)i
a   1+-——    =(cosa)    I+-77T + z sin a,

where  /a(z) is an appropriate function in   V*.  Solving this differential equation

yields the next theorem.

Theorem 3.  faiz)  belongs to  V^   if and only if there is a function f0(z)  in

>uch that

(2.6) />) = \.f'0(z)Y

Vq such that

Corollary.   fa(z) belongs to  Va   if and only if

fa(z) = ¡I exp (- €!^21± ff log (1 - ze^)dm) dz

where ifi(6)  satisfies (2.2) and (2.3)-

Theorem 4.   f Az)  belongs to  V*   if and only if there are two normalized

starlike functions S Az) and S Az) such that

l-2)/4'

\lS2iz)/zYk~ 2)/4

Proof.  According to Brannan [2l, /„ e VC if and only if

(2.7) f'Qiz) = [Sxiz)/zYk+2V*/\.S2iz)/zVk-2V\
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where 5x(z) and 5 Jz) ate normalized starlike functions.  Theorem 4 follows an

application of Theorem 3 to (2.7).

Corollary.   f(z) is in  Va   if and only if there exist two normalized a-spiral

functions  T x(z) and T Az) such that

f'(z) = \.Txiz)/z]{k+2),A/\.T21z)/z](k-2)/A.

Proof.  If S(z) is starlike, then  T(z) = z[s(z)/z]e~1<X cos a is   a-spirallike,

since zT'iz)/Tiz) = e_z'a(cos a)zS'iz)/Siz).

Theorem 5.   // fiz) = z + a2z   + • • •   z's in V*, then \aA < (zs/2)cos a.   This

bound is sharp.

Proof.  Differentiate both sides of (2.6) and use the bound on  \aA  derived by

Pick for functions in  Vvj (see Lehto [4]).  To see that there is a function with a

second coefficient having a modulus of (&/2)cos a, recall that Paatero has shown

[7] that the function

«»-iK&r-']
is in  Vg.  By Theorem 3,

«.,.,: «^r--*
is in  V* , and f"jO) = ke~ia cos a.

3.  A simple test for univalency in Va.  We now consider a variational formula

used by Ziegler [l2] whose generalization of close-to-convex functions included

the class   V2 . We now show that this formula is valid for k > 2.

Theorem 6.   // f(z) belongs to  V'*   and if F(z)  is defined by

™-/'(fr=)/'t*'* •"»•""*"■
lit

a\ < 1,   \z\ < 1,

tZTzzi E(0)= 0, then  F(z) is in  Vka-

Proof.  Let p be a real number in the interval (0.1) and let a be a complex

number, \a\ < 1.  For f(z) in  V* , define   F(z) by the equations

^ - -/V)      2ia    -       C = f^,  and  F'(0) - 0.
P /'U)(l +   azY +1 1 + fl2

Then

(3.1)

,  , ZFP{Z)     f.  |P^"(pC)"l    (l-\a\2)z
F'Jz)        |_        /'(/>£)  J(l + «*)(« +

a '22z(l-e-2¿a) + a-zzz2e-2¿a

/7'U) /'(p£)    J   (1   +   aZ^a +   Z) ^   +   flZ^0 +   ̂
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Multiply both sides of (3.1) by  el   , and then take the real part of both sides.  The

last term on the right-hand side of  (3.1) then becomes

ReÍ2|a|2  i sin a+ia/z)eia- azeia\ = Re [Ai.

F (z) is regular when  |z| < 1.  If we set z = el  , then Reí Ai = 0.  Thus from (3-1),
r

we see that if (a + e'A/il
') =

Re le1
F"iei9)W

(3.2)

Since

Re le1 1 + pe
ié.¡"ipei4>)

de \a + e

1-  «
dq\    and

/V"

\a + e*

(1

(l-|a|2)e^      \

+ aei6)(a + ei9)\

= 1.
(a+elU)      l + ae1'

taking absolute values and integrating  (3-2) yields

.„F"iei6Y
Í2TT

Jo
(3.3)

Re Je' l + el

F'piei0)\

dd

Ç2TT
Jo Re ¡e1 I + pe

i4>ñpei4>)
deb s IJLp).

/'(pe^)J
By hypothesis, /Ap) < krr cos a, and  /. is an increasing function of p.  If we

define  Fiz) = lim F Az), then from (3-3), it follows that  /_ (l) = I Ap) <
p — l       p F p I   r     —

zézT cos a, and Ipir) < lim lp   (l) = Ik ¡Ap), so  Ipir) < krr cos a and

F£Vka. P

Corollary 1.   // f(z)  is in  V*, then f(z)  is univalent whenever 0 < cos a <

i/a + 2).

Proof.  Define   Fiz) = z + Ayz   + ■ ■ ■  as in Theorem 6.   Then

|F"(0)| = |/"U)(1 - |fl|2)//'(«) - 2«e-¿acos a\  <k cos a,

using Theorem 5.  Thus for   |z| < 1,

fiz)
(3.4)

(3.5)

fiz)

fiz)

I-   z

k cos a

i-W2'

fiz)

k cos a + 2|z| cos a    ik + 2) cos a

l-N2 l-UI2

It is known that if \f"iz)/f'(z)\ < ß/(l - |z| 2) in  \z\ < 1, for some appropriate

constant ß, then f(z) is univalent in  E.  Recently, J. Becker [l] has proved that
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ß can be taken as at least 1.  Thus, by (3.5) and  Becker's result, f(z) is uni-

valent in  E whenever  0 < (k + 2) cos a < 1.

Corollary 2.   // f(z) is in  V*, then

ln[(l - |z|)(*/2)"V(l + H)(*/2) + I] C0S a < ReUfaln/'U)l

(3.6)
<ln[(l+ |z|)(*/2)-y(l- |*|)(*/2)+l]cosa#

These bounds are sharp.

Proof.   From (3.4),

(3.7)

1 -A

and the conclusion of the corollary follows from integrating (3.7) with respect to

r.  Equality in  (3.7) is attained in the upper and lower bounds when  f(z) is the

function given in (2.7), and when z = r and  z = -r, respectively.

Corollary 3.   // f(z)  is in  V*, then f(z) maps

\z\ < 2/(k cos a+ \jk2 cos2 a- 4 cos 2a) = R

onto a convex domain.   This result is sharp when a = 0.

Proof.   (3.4) implies

Re X I
zf'iz)

f'iz)
Re

I - z2 + e ~ia cos aikz + 2z2)

1

(3.8)
r2 cos   a - kr cos2 a + 1

1
when  z

Thus the bound on the radius of convexity imposed by (3.8) cannot be improved in

the case a ~ 0, and at most can be improved only slightly (by a factor of cos a

in the second term) when a 4 0.

Corollary 4.   // f(z)  is in  V*    then  f(z) has the property that zf'(z)  is a-

spirallike in the disk  \z\ < (k - \/k   - 4)/2.   This result is sharp for all k > 2  and

a  such that \a\ < rr/2.

Proof.   Let  f(z) belong to   Va and recall that zf' (z) is  a-spirallike if and

only if  Re!e¿a[l + zf"(z)/f'(z)]\ > 0.  As in the proof of Corollary 2,
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2
(    iazf"iz)\     2r   cos a- kr cos a

I /'(*) Í 1 - r2

cos a,

the last expression being greater than zero for   \z\ < ik— \]k   - 4)/2.   For the func-

tion defined by (2.7),

*w-m -kr+l

l-r2

cos a,

so the bound given above cannot be improved.

This corollary generalizes a result due to M. S. Robertson, who in [9] showed

that functions with boundary rotation bounded by  z«77 have the property that  zf (z)

is starlike in the disk  \z\ < (k - \Jk   - 4)/2.

4.  The Schwarzian derivative for functions in  V„.

The

Theorem 7.   Let fiz) be in  V*,  fiz) - z + a2z   + a^z   + • • •, and p > 2/3.

max   |a, - pa2\   < jia, k, p),

feV,
k '   3

where

/(a, *, ft)
rl>- 2)

k   cos a     k
+ -x \ sin a I - cos a

]• 3ft- 2 *

— \ik - l) cos a+ -| sin a\ |,     k <']■ 3ft-2

Proof.   If f(z) is in   V* , then  ?(z) = 1 + z fiz)/fiz) is in  0* , and using

(2.1),

where

(4.1)

*)..-[«« j^ili!^.,«ta.],

f277 <#(</>) = 277    and    j"o277 |<#(r/>)| < krr.

Let  /(z) = z + «2z   + ■ • • and  qiz) = 1 + q.z + q2z   + ■ • • , then  a2 = q2/2 and

a, = iq2 + f7j)/6, so £7, - pa2 = (2<72 - (3ft - 2)z/2)/12.

(4.2)

? '(0) = e~'aCOSa    ,2" e'+dW,     and
1 77 J 0

°2 =
q"iO) Xj2lH^e2^d^).
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We approximate  0(0) by a step function having nonzero jumps of 2ttÀ. at 0 ., and
• i   t ' 7

we write  etvi = e.,  / = 1, 2, • • •, P.  Then the integrals in (4.2) become  qx =

2e_!Ixcos a!.     A.t.,   z?_ = 2e_iacos a 2.   . X.e..  From (4.1) we obtain the7=1   ; ;'  '2 7=1   ; 7 v

conditions that

(4.3) YX=1     and   Y \X.\ <Í

i   e-¿acos a^X.c2 _ (3/i_ 2)(e-¿acos a) (£ X-cV
-, ■ -, „-1 iaT

ß3  - Z72

By a rotation, we may assume that  e "*a(a, - ^zz2) is real and negative, so that  T

will be positive.

T = Re

(4.4)

i (3p - 2) cos2 a Í £   V; j   " e¿acoS a £   V/}

= (3/1 - 2) cos2 a | if   A. cos 0. V -if   A. sin 0. V

P P

- cos   a ^   X .(cos   0-sin   0 .) + 2 sin a. cos a 2^   A. sin 0 . cos 0 .,

where we have written e. = cos 0. + i sin 0.. Now, T < Tn, where

/ P \ 2
T0 = (3/x - 2) cos2 a ( JI   À. cos 0. ]

/   P \ P

- cos2 a 12 X   A. cos2 0.-11 + | sin a| cos a   £   |A.|.

TQ  has a maximum either when the   cos 0. assume values in the interior of the

interval  [-1, l], or when they assume values at the endpoints of [-1, ll.  Suppose

the maximum occurs when cos 0    4 ± 1,   h = 1, 2, ■ • •, r < P.  Then possibly

cos 0 . = ±1, for  h = r + 1, r + 2, r + 3.  For these three values of h,  sin 0, = 0.

The partial derivatives with respect to the cos 0,   must be zero, so from (4.4),

2(3p - 2) cos2 a I ]T A. cos 0.) A¿ - 4A¿ cos2 a cos cph = 0,

P 2 cos 0,

X Ay cos 0y = 2    ,       i = 1, 2, • • • , r.

Substituting (4.5) into (4.4) and letting cos 0 be the common value of all the

cos cph,
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T0 < 2 cos2 a cos qb \-^Z2    ~ cos ^ Z kj ~ Z A,j

P

+ cos2 a+ | sin a| cos a ]T  |A.|.

1        ;

Since (2.8) tells us that (2 cos eS)/(3fi - 2) - cos ci 2^ X. = 2       A. cos r/>.,

/ P P      \ P

TQ < 2 cos   a cos t/>( J^ A- cos <£ • - Z A) + cos   a + I sin a| cos a ^ |A.|

V + Î r + l      / 1

Since (4.3) implies 1P , A. cos </>.< 2P , |A.| < ze/2 - 2T. |A.|, and EP . A.=
r r + l     7 W -      r+l   '   ;'  - 1  '   ;" r+l     j

1-2'A.,

aCosf/»^-l-¿(|A7|-A.)]TQ < 2 cos    a cos f/>| - - 1 - ]T (|A;.| - A;) | + cos2 a + - | sin a| cos a.

The summation in the above inequality is positive, so

T0 < (cos a)[U- 1) cos a+ U/2)| sin a|] = T xia, k, p).

If, on the othet hand, the maximal value of  T»  occurs for cos cf>. at the end-

points of [-1, ll,   ; = 1, 2, • • •, P, then we note in (4.4) that 2 2P A.cos2 <f>. - 1 = 1

whenever cos <7j. = ± 1.  Then

T0 < cos2 a[(3fi- 2H2/4- l] + U/2)jsina| cos a = T2 (a, k, p).

We note that   T2(a, k, p) < T j(a, k, p) it and only if k < 4/(3fi - 2).  This proves

Theorem 7.

Theorem 8.   // f(z) is in  v£, then

Wf, z\\ <2L3/(a, k, l) + ik+ 1)| sin a| cos a]/(l - |^|2)2,

where \f, z\  denotes the Schwarzian derivative of f with respect to z and

/(a, k, ft)   is the functional in Theorem 1.

Proof.   Let  f(z) belong to   V'*   and define   F(z) - z + A.z   + • • •   as in Theo-

rem 6.  Then

6(A^-A22)
fTF"(z)T      l[F"(z)l2|       )

\Lf'(z)J        2[f'(z)J    |*=oi

!/, «|(1 - M2)2 - ail - e-2i4Qàil - |«|2)     "(l + e-»«)l
L/ («) l J

!/, «¡(i-|û|2)2

l3-(4"6) < 6|A   - 42| + 2|sin a| . |(/"(a)//'(«))(l - |a|2) - ä(cos a)e"¡'a|
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Using (3.4), we obtain

(4.7) |(/'W/'(«)Kl - \a\2) - «(cos a)e~ia\ < (k + I) cos a.

If we replace   \A   - A2\  with the result of Theorem 7, Theorem 8 follows from

(4.6) and (4.7).

Corollary.   Let f(z) be in  V*j.   Then

(U2-4)/2(l-|z|2)2,       k>4,
\\f, z\\ < {

(2(k-l)/(l-\z\2)2,       2<k<4.

When k > 4, the bound given above improves a bound found in  [3], and is sharp.

Setting a = 0 in  (2.7), we see that the function defined by

/jw-íK&r-']
is in  V0, and

i/0, z\ = y2.(4-k2)/(i-z2)2.

The bound is also sharp when k = 2, as shown in  [lO].

8.  Univalent functions in   V*. We now make use of a fact stated without proof

in [21.

Theorem [Brannan].   // fQ(z) belongs to  V*, then

zf'ó(A      k+2 k - 2      ,  .

where p .(0) = 1,  Re|p.(z)i > 0; that is, p.(z)  is in the class  P = Q2, for i = I, 2.

Proof.   Since in  (2.5), ^(9)  has bounded variation on  [0, 27r], we may write

^¥(9) = A(9), where  Aid) and   BÍ9) ate two nonnegative increasing functions on

[0, 277]  satisfying the conditions in  (2.2) and (2.3)-  Thus, if we set  A(9) =

(Ik + 2)/4)cPx(9),   B(9) = i(k - 2)/4^cP2(9), (2.5) becomes

.      zi"o{z)      k+2       I    C2nl+zeiejj/a.     k-2        1    r277 1 + zeid ,,   ...

zf'o{z)     k +

f>)E 4
= —rPAz)—7-t>2(z>-

Since  fV7 dep .(9) = 2n,   i = 1, 2, the   p{(z) ate represented by the Herglotz-Stieltjes

formula and hence are in the class   P.

Theorem 9.   Let f (z) belong to   V*. T¿é?t2
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for some  p.  in  P = Q2    i = 1, 2.

Proof.  Differentiating both sides of (2.6), and dividing by / (z), we obtain

faiz)/faiz) = e-¿a(cos a)/;'(z)//ó(z).

/a"U) z/JU)     i+2 k - 2      . ,
l + ze<seca_=l+__ = _V2)-_p2(z),

using Brannan's theorem as proved above.

We are now in a position to improve the bounds obtained in Theorem 7 for

certain values.of k and a.

Theorem 10.   Let fiz) = z + a2z2 + ■ • ■ + Va.   Then max fe yk\a   - a2\ <
'      a    i 2   ~

L(a, k), where

,.     ,»     cosaTrc2 -4                f,       s     ,,       s    ¡      ik - 2)U + 6) cos2 a   |.
L(a, k) =     12       —=— cos a + (k + 2) + (k - 2)   f 1 +-—-    '

cos a \k2 - 4 ,,     ^    f.     ik- 6)ik + 2) cos2 a
■ ir~ L-r~ cos a+ (*+ 2) v* +-ï6-

2 < zé < 6,

Proof.   In the proof of Theorem 7, we saw that if fiz) = z + a2z   + • ■ ■  is in

Vka, then ?(z) = 1 + zf"iz)/fiz) = 1 + qxz+ • • ■  is in  0¿   and  «3 - «2 =

(2<7_ - q A/12.  Using the representation for  q(z) given in Theorem 9,

q'(z) m riji-p'jU) - ^p'2(z)l e-¡acos a,

Since   qx = f/(0) and  2c72 = q"(0),

"zacos a i zé + 2 f „,  .     £ + 2    _.a. .,   ,,„.,-.
—yj-\~T~ K(0) - ~4~ e       (cos a>W0))a3 - a2 = e-

(8.1) - ^^'(O) + ^^-¿a(cos aX^O))2]

+ [^-^]p;(0)p2(0)e--cosal.

The first two terms in (8.1) have the form p"(0) - pip'iO)]2.   If piz) = 1 + pjz"

is in   P, then
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p"(0) - p[p'(0)]2 = 2p2 - pp\ =  2(p2 - (p/2)p2).

These quantities we can bound using the fact that |p - (p/2^p2\ < 2 max|l, 1 - p\,

proven by Ziegler [l2]. We take p = (k + 2/4)e~'a cos a in the first term of (8.1)

and p = - ik - 2/4^e~!   cos a  in the second, and observe that

(8.2) | 1 - ((A + 2)/4)e~zacos a| = [1 + Ik - 6)ik + 2) cos2 a/l6\v\

(8.3) | 1 + ((A _ 2)/4)e-¿acos a| = ,1 + Ik + 6)1k - 2) cos a/16}'/2,

(8.2) is greater than one when k > 6; (8.3) is greater than one when  k > 2.

Finally, modulus of the third term of (8.1) can be bounded using the fact that

|p¿(0)| < 2,   i = I, 2.  Application of the triangle inequality to (8.1) thus yields

the conclusion of Theorem 10.

Theorem 11.   // f(z)  is in  V*, then f(z) is univalent whenever

\k2-4               k+2     k-2     F     {k- 2)(k+ 6) cos2 a
cos a-— cos a + —-— + —-—    / 1 + -

16

+ 2(k+ l)|sin a|     < 2in a|

['

.   -4      k+ 2     L     (k- 6)ik+ 2) cos2 a
cosal——+     — J1+ 16

when 2 < k < 6,

+ 2    /,     ik - 2)(k + 6) cos   a        , >. ,
' 1 + -—-,-+ 2(k + 1) | sin a|    < 2,    when k > 6.«T     2    V 16

Proof.   Using the bounds derived in Theorem 10 and the procedure of proof

used in Theorem 8, we find that

2\2|i/, *}| <(L(o, k) + 2(/fe+ 1) | sin a| cos a)/(l - |z|2)

where   L(a, k) is the functional of Theorem 10.  According to Nehari's test for

univalence [6], / is univalent in  E whenever  \\f, z\\ < 2/(1 - |z|  ) .

Corollary.   // f(z) is in  V2, then f(z) is univalent whenever 0 < cos a < x

.256 < xQ < .257, where xQ is the positive root of 9x3 + 9x   + x — 1 = 0.

Proof. Setting k = 2 in Theorem 11, we see that f (z) is univalent whenever

cos a [2 + 6|sin a |] < 2. Writing x = cos a, the condition above is equivalent to

x + 3x\Jl - x2 < I, 9x2(l - x2) < (I - x)2, 9x3 + 9x2 + x - 1 < 0.

This result agreed with the one obtained by Ziegler [12], who used a dif-

ferent approach.  The result is the best known so far for this class.

For the case k - 2, M. S. Robertson [10] has shown that for each a such

that cos a > y2 there exists a function in Va which is not univalent in E. We

conclude by generalizing this result.
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Theorem 12.   // k and a   satisfy the inequality

(8.4) cos a
k   cos a

- 2 >6,
2

then there exist functions in  V     which are not univalent.

Proof.   Let  fa(z) be given by equation  (2.7).   Then

\fa, z\ = 2e-¿a[cos ail + kz + z2) - ^e"2¿a(cos2 a)(k2 -, 4kz + 4z2)]/(l - z2)2,

\ifa>z\\z=0\   = |2e~¿acosa- V7e~2iak2 cos2a| >cosa|2-U2 cos a)/2|.

According to Nehari's test [6], any univalent function  / has the property that

|{/, zi| < 6/(l - |z|  )  ,  z in  E.   Hence, functions  (2.7) satisfying the inequalities

(8.4) above are not univalent in   E.
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