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A GENERALIZATION OF UNIVALENT FUNCTIONS
WITH BOUNDED BOUNDARY ROTATION

BY

EDWARD J. MOULIS, JR.(1)

ABSTRACT. This paper introduces a class of functions which generalizes
both those functions f(z) with bounded boundary rotation and those functions for
which zf'(z) is a-spirallike. A simple variational formula for this class is
derived and used to determine sufficient conditions for the univalency of functions
therein. Various representations for these functions are given, and these are used
to derive another condition for univalence; this one is the best known so far in the
subclass consisting of functions f(z) for which zf’(z) is a-spirallike. Bounds
on the modulus of the Schwarzian derivative are also derived; these are sharp in
the subclass of functions having bounded boundary rotation.

1. Introduction. Let Q% denote the class of functions g(z) having the prop-

erties that g(z) is regular in E = {z: |z| <1}, ¢(0) =1, and, for every r, 0<r<1,
am |Re {eiaq(reig))il df < km cos a,
0

where k> 2 and a is real, |a| < 7/2. Recently, M. S. Robertson [11] derived a
variational formula for this class of functions. The class Qg is the well-known
class P consisting of normalized functions which map E onto the right half-plane.
In this paper, we introduce and study a related class of functions.

V’; will denote the class of functions [(z) which are regular in E, satisfy
f(0)=0, /'(0)=1 and f'(2) £ 0 in E, and have the property that 1 + zf"(2)/f'(2)

is in Qﬁ. Hence functions in Vﬁ satisfy the condition

GO el - { ei“[l + z/(zz)—)]}

where k& and a are real constants satisfying the same constraints as above.

6

’

d0<kmcosa, 0<r<l1, z=re!

Functions in Vlf) have bounded boundary rotation, and were first studied by
Lowner [S] and Paatero ([7], [8]). Functions in the class V’; with a £ 0 no
longer necessarily have bounded boundary rotation, but they possess other inter-
esting properties. Since the integrand in (1.1) is the absolute value of a function

harmonic in E, functions in VZ satisfy
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(1.2) _[02” Re{eia[l +£f%§l]} df = 27 cos a, z=rei9, 0<r<1.
An argument based on the continuity of the integrand in (1.2) shows that we must
have

Re{eia[l +£,,%]} = Re{eiaL LZ Ez;] ]} >0, =z in E, f(z) in V(f,

which means that zf'(z) is a-spirallike in E.

Paatero [7] showed that functions in V% are univalent whenever 2 < k < 4.
Recently, Robertson [10] showed that functions in Vé are univalent for a certain
range of cos a. This paper gives various conditions on k and a which assure
that functions in V’; are univalent. The techniques used to obtain these condi-

tions also provide insight into other analytic and geometric properties of V.

2. Representation theorems and a coefficient bound. We first derive a repre-

sentation for the class Q'; with the help of a theorem found in [7].

Theorem. Let f(2) = u(2) + iz) be regular in E. If z=re'® and f(z) lu(rei¢)|d¢
is bounded for r< 1, there exists a real-valued function W() with bounded varia-
tion in [0, 27] such that, for z in E,

2 1+ ze!

f(z) = 0 1

ledtﬁ(@) + iv(0).
The total variation of () is given by
27 1apto)] - lim o7 ldrei®)| do.

If we set f(2) = (e?®¢(2) - i sin a)/cos a,then #z) = Relf(2)} = Refe™ ¢(2)/ cos al.
If g(z) belongs to Qﬁ, then
<km, z=re?, 0<r<1.

2 e'%q(z)
J-O Re{ cos A } -

uz) = In{f(2)} = Im}e?®q(2)/cos o} - (sin a)/cos a,

Further,

1(z) = tan a Re {¢(2)} + Im ¢(2) - tan a,
v(0) =0

f(2) is regular in |2z| <1 for |a| < #/2, so Paatero’s theorem gives the following

representation.

Theorem 1. If ¢(2) is in Qk then

id
¢dl;/\¢~) visina, |z| <1,

e’aq( ) =S98 aj277 1+ ze'

(2.1)
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where Y(¢) is a function with bounded variation on [0, 2n] satisfying

(2.2) j j" () = 2m,
and
(2.3) ST 1ap @) = tim [ 27 | Re {ecoqs(z)} d6 < k.

We use this theorem and another representation theorem due to Paatero [7]

which states that functions /'o(z) in Vﬁ may be written

(2.4) fol2) = f: exp <—71—7 _[02” log (1 - zeie)dw(e)) dz,

where l//(@) satisfies conditions (2.2) and (2.3). Differentiation of both sides of
(2.4) yields

zfg(z) 1 (2m 1+ zet?
(2.5) 1+ T =5 ———-—d (0),
/0(2) 2n Jo 1- Zele l/,

and so substitution in (2.1) gives

, [ . ;(z)] . [1 z/g(z)]
a 1 —— = — 1 1 CL,
e + laf(z) cos & + /(,)(z) + 7 Ss1in

where f (z) is an appropriate function in V’;. Solving this differential equation
yields the next theorem. ‘

Theorem 3. /,(z) belongs to V’; if and only if there is a function f(2) in
VE such that

0
a

(2.6) [a(2) = [fg(2)]e ™ cos @,
Corollary. [ (2) belongs to vk if and only if

o) = [ exp (- CE02E 2700 =e'0)ay(0)) d
where Y(6) satisfies (2.2) and (2.3).

Thecrem 4. [ (z) belongs to V’; if and only if there are two normalized

starlike functions $,(2) and S,(z) such that
[Sl(z)/z](k+2)/4 e~ %os a
[5 () z1*-2)/4 '

((z) =

Proof. According to Brannan (2], f; € V’S if and only if

@7 10(2) = L5, (2)/2)*¥2) 4[5, (2)/ 2]k =20/4,
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where § 1(z) and S 2(z) are normalized starlike functions. Theorem 4 follows an
application of Theorem 3 to (2.7).

Corollary. [(z) is in V’; if and only if there exist two normalized a -spiral
functions T () and Tz(z) such that

['(2) = [T (2)/21 %42 4/[T (2)/2) * =D/ 4,

Proof. If $(z) is starlike, then T(z) = z[S(z)/z]e_ia ©s?is a-spirallike,
since zT'(2)/T(z) = e 7**(cos a)zS'(2)/5(2).

Theorem 5. If {(2) =z + a222 .- isin Vﬁ, then |a,| < (k/2)cos a. This
bound is sharp.

Proof. Differentiate both sides of (2.6) and use the bound on |a,| derived by
Pick for functions in Vﬁ (see Lehto [4]). To see that there is a function with a

second coefficient having a modulus of (k/2)cos a, recall that Paatero has shown

fo(2) _k[ 1+z 2 1]

[7] that the function

is in V’(‘). By Theorem 3,

(14+2)%2-1]e % osa
(2.8) fal2) = f %(1 z)k/2+1% dz

isin V% s> and /;'L(O) = ke~ * cos a.

3. A simple test for univalency in VK. We now consider a variational formula
used by Ziegler [12] whose generalization of close-to-convex functions included
the class Vg. We now show that this formula is valid for &> 2.

Theorem 6. If {(z) belongs to Vﬁ and if F(z) is defined by

a

-2i
P = (E52) /1@ w3 L el <, el <1,

and F(0) = 0, then F(z) is in VE.

Proof. Let p be a real number in the interval (0.1) and let a be a complex
number, |a| < 1. For f(z) in Vﬁ, define F(z) by the equations

FA(z) = 0 e and B0 -0
(@1 + az)* *

Then
(3.1)

1+

ZFP!I(Z) 1+ plf" ()| (1 -lal?)z N la|?2(1 - e=21%) + a - azle™%i®
Fi(2) N () | (1 + az)a+ 2) (1 + az)a + 2)
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Multiply both sides of (3.1) by eia, and then take the real part of both sides. The
last term on the right-hand side of (3.1) then becomes

Re{2|a|? i sin o+ (a/z)e'*- azeia} = RelAl

F (z) is regular when |z| < 1. If we set z=el then Re{A} = 0. Thus from (3.1),

we see that if (z+ /(1 + ae'?) =

ne ;6v)
Re { ei® 1+e‘9—L)
F (e’e)

(3.2)
F " I3 ;
=Re {ei*|1 + peiqs/ (pe ?) . (1- ‘aIZ)equ .
S [pe®)| (1 + aei®Na + %)
ince -
do-lare )2 dé and jar 0 e -1,
1- |al (a+e?) 1+ aei®
taking absolute values and integrating (3.2) yields
. E)'(ei%)
fom Reze“"[l + e‘e T ]i do
(3.3) p(e )
. i®
=I;ﬂ Regela[l"'l) l¢/(Pe¢)] d¢§’/(P).
f'(pe*®)

By hypothesis, I/(p) < kmcos a, and I, is an increasing function of p. If we
define F(z) = lim, , F (2), then from (3.3), it follows that I (1) =1(p) <

k coska and | (r) < hm -1 IFp(l) = limp_‘l I/(p), so IF(r) < km cos a and
Fev,

Corollary 1. If f(2) is in Vﬁ, then [(z) is univalent whenever 0 < cos a <
1/(k + 2).

Proof. Define F(2)=z + Azz2 + +-- as in Theorem 6. Then
[F"(0)] = |/"(2)(1 = |a|?)/f'(@) - 2@e™**cos a| < k cos a,

using Theorem 5. Thus for |z| <1,

f"(z) 2ze"*%cosal  kcosa

(3.9) — — ,
/(z) 1-|z|2 1—|z|2

(3.5) (z) k cos a + 2|z| cos a (k +2 cosa
/(z) 1-|z|2 1- 2|2

It is known that if |/"(2)/["(z)| < B/!1 - |2|?) in |z| <1, for some appropriate
constant B, then f(z) is univalent in E. Recently, J. Becker [1] has proved that
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B can be taken as at least 1. Thus, by (3.5) and Becker’s result, f(z) is uni-
valent in E whenever 0<(k+2) cos a < 1.
Corollary 2. If {(z) is in Vﬁ, then

lnl(1 - |z|)(k/2)- 11+ |z|)(k/2)+l] s a ¢ Refeia In/'(2)}
(3.6)
<ln (1 + lz')(k/z)-l/(l - |z|)(k/2)+l]cos a,

These bounds are sharp.

Proof. From (3.4),

e%2f"(z) _2cos a|z|? < k|z| cos a
f'(z) 1- |2|2 1- |22
2 -~ . .
3.7) 2r“ cos a - kr cos a < Re iypi0 d. ln/'(reie)
1-72 d(re’e)

2
_2r° cos a+ krcos a
~N
1-,2

’

and the conclusion of the corollary follows from integrating (3.7) with respect to
r. Equality in (3.7) is attained in the upper and lower bounds when f(z) is the

function given in (2.7), and when z =r and z = -r, respectively.

Corollary 3. If f(z) is in VE, then {(z) maps

a’

|z] < 2/(k cos @+ k% cos? a - 4 cos 2a) = R
onto a convex domain. This result is sharp when a = 0.

Proof. (3.4) implies

Re )14 z("(2) | _ Red L= 22 + e 71% cos alkz + 227%)
/I(Z) - 1-2?
(3.8) .
2 cos?a - krcosta+ 1
= 1 > , Wwhen z=-r.
-7

Thus the bound on the radius of convexity imposed by (3.8) cannot be improved in
the case a = 0, and at most can be improved only slightly (by a factor of cos a

in the second term) when a # 0.

Corollary 4. If f(z) is in Vﬁ, then [(z) has the property that zf'(z) is a-
spirallike in the disk |z| < (k — \/k? - 4)/2. This result is sharp for all k> 2 and
a such that |a| < a/2.

Proof. Let f(z) belong to Vﬁ and recall that zf'(z) is a-spirallike if and
only if Refei®[1 + zf"(2)/f'(2)]} > 0. As in the proof of Corollary 2,
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’

Re} elaz/"(Z)} 2r% cos a— kr cos a
l /I( ) 1- 72

" 2
Re{e. [1 zf (z)]}Z -kt 1 cos a,
f "(2) 1 -2
the last expression being greater than zero for |z| < (k- \/k2 4)/2. For the func-
tion defined by (2.7),

Re{eia[l f"(-r)]} _7 2 _kr+l . cos &
/("’) 1-12 ’

so-the bound given above cannot be improved.

This corollary generalizes a result due to M. S. Robertson, who in [9] showed
that functions with boundary rotation bounded by kz have the property that zf'(z)

is starlike in the disk |z| < (k - \/l«’.7 - 4)/2.

4. The Schwarzian derivative for functions in V’;.

Theorem 7. Let f(2) be in Vﬁ, f(2)=z+ a222 + a3z3 4+ .-, and p> 2/3.
Then
max |a; - paj| < J(os k, p)
/ev: 3 2 s 1)y
where
k2
[(3# 2)—0312 ;lsinal-cosa], k>3 42,
](CL, k, /,L)= s
cos3a [(k_ 1) cos a+ §| sin a|], k< 3#4 -
Proof. If /(z) is in V%, then g(2) = 1 + z/"(2)/'(2) is in Q%, and using
2.1,
q(z)=e—ia[C(;Sa 21+ zel d¢(¢)+zsma]
7 JO | _ el
where
2 2w
(4.1) [T ap(¢) = 2n and [T 14l < ke
Let f(2) =z + a222 +---and g(z) =1+ ¢,z + qzz2 +--+, then a,=gq,/2 and

a;= (qz + q%)/G, so a, - p,ag = (zq2 (3p - 23q /12.

-ia
g1= 40 = —"22 [ ¢ ay(g), and

(4.2)

q"(O) e~ @cos a (27 2id
92="73 ~ ™ fo e*tP dj($).
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We approximate () by a step function having nonzero jumps of Zn)\j at qS]., and
we write e'®i= € j=1,2,---, P. Then the integrals in (4.2) become g, =
2e~%cos a Ele )&].e]., q,= 2~ %cos a 2?:1 )\].e]?. From (4.1) we obtain the
conditions that

P P E
(4.3) z )‘j =1 and Z |)\j| < 3
1 1

PN Y oy 2 -ia 4 2| _e~?iaT
a,-aj = 3 e cos alz )\].e]. - (- 2)e cos @) Zl: )tje]. = -

By a rotation, we may assume that ez""(a3 — pa?) is real and negative, so that T

will be positive.

P

2 P
T=Re{(3#—2) cosZOL(z )t].e].> -e'®cosa zl: )\js.

1

g
p 2 P 2
=0Bp-2 cosza[<z A, cos ¢>].> - <Z )\]. sin ¢]> ]
1 1

P P
2 2 .2 . .
- cos‘a E[ )\j(cos ¢, - sin ¢j) + 2 sinacos a ; )\]. sin ¢j cos ¢

where we have written €; = cos qb]. + 1 sin ¢j. Now, T < T, where

P 2
Ty=0Bp-2) cos?a <Z A, cos ¢]>
1

(4.4)
P

P
2 2 .
-cos® a <2; A cos” ¢, - 1> + |sina| cos a ; |)\j|.
T, has a maximum either when the cos ¢, assume values in the interior of the
interval [~ 1, 1], or when they assume values at the endpoints of [-1, 1]. Suppose
the maximum occurs when cos ¢’h £+%1, bh=1,2,--+, r< P. Then possibly

cos qS’, = *1, for h=r+1, r+2, 7+ 3. For these three values of b, sin ¢, = 0.

The partial derivatives with respect to the cos <,6b must be zero, so from (4.4),

P
203~ 2) cos’a (Z )\]. cos ¢J>)&b - 4A, cos? a cos $, =0,
1

P 2 cos ¢,

(4.5)

Substituting (4.5) into (4.4) and letting cos ¢ be the common value of all the

cos ¢, ,
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T0§2coszacos ¢»<3;0_S¢ - cos ¢ Z)\ —Z )t)

T+l
+cos?a+ |sinal cosa IZ |/\].|.
Since (2.8) tells us that (2 cos ¢)/(3p - 2) - cos & &7 A= 2f+1 Ajcos ¢,
T, < 2 cos? acos¢<2)\ cos ¢, ~ Z?\>+cos a+|sma|cosa2|)\|
r+l r+i
Since (4.3) implies Z'Pu A;cos ¢ < 2::1 A < k/2 - 27 1], and Eil A=
13

k z k
T, <2 cos? a cos ¢[§— 1 —Zl(|)\j| - )\].)] +cos?a+ 5‘ sin a| cos a.

The summation in the above inequality is positive, so
Ty < (cos a)l(k = 1) cos a+ (k/2)|sinall = T (a, &, p).

If, on the other hand, the maximal value of T, occurs for cos gb at the end-
points of [-1,1], j=1,2,--+, P, then we note in (4.4) that ZZP)\ cos qS -1=1

whenever cos ¢» =1 1. Then

T, < cos 2al(3p - 2)k%/4 - 1] + (k/2)] sin a| cos a= T, (ay &y ).

We note that T,(a, &, u* < T (a, k, p) if and only if k <4/(3u - 2). This proves
Theorem 7.

Theorem 8. If f(2) is in V’;, then
Itf, 23l <2[3J(a, &, 1) + (& + 1| sin a| cos al/(1 - |2]?)?,

where {f, z} denotes the Schwarzian derivative of [ with respect to z and

J(a, k, p) is the functional in Theorem 7.

Proof. Let f(z) belong to V’; and define F(z) = z + A2z2 + +-+ as in Theo-
rem 6. Then
z=0}

F'(z) 1" 1[F"(2)]2
s, -0 -{[ 5] -3lF)

={f» al(1 - |a|)? - a1 - —m[f Ea))h |a| )—?(ue-h'“)].

{/a a}(l - ‘a|2)2
(4.6) <6la, - A§| +2|sin a] - |(/"@)/f (@)1 - |a|?) - @ (cos a)e™ 79,
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Using (3.4), we obtain

4.7) |(/"(@)/f" (@)1 = |a|D) - alcos a)e ™ < (k+ 1) cos a.

If we replace |A3 -A gl with the result of Theorem 7, Theorem 8 follows from

(4.6) and (4.7).
Corollary. Let f(z) be in V’g. Then
U, o1l < 3(1«2—4)/2(1— 12192, k>4,
’ Ae-D/1-12D%  2<k<4

When k > 4, the bound given above improves a bound found in [3), and is sharp.
Setting a = 0 in (2.7), we see that the function defined by

AT (S

»{/0’ zb=Y%.(4-k2)/(1 - 222,

is in V’(‘), and

The bound is also sharp when k = 2, as shown in [10].

8. Univalent functions in V’;_. We now make use of a fact stated without proof
in [2].

Theorem [Brannanl. I f,(2) belongs to V’f‘), then

#ol2) gy

e =

(z) -4 p (z)

where p(0) =1, Re{pi(zﬂ > 0; that is, p(z) is in the class P = Q(z,, for i=1, 2.

Proof. Since in (2.5), ¥(8) has bounded variation on [0, 27], we may write
W(6) = A(6), where A(6) and B(6) are two nonnegative increasing functions on
[0, 27] satisfying the conditions in (2.2) and (2.3). Thus, if we set A(Q) =
(& + 2)/4)¢ 1(9), B(O) = (& — 2\/4\;52(9), (2.5) becomes

ZfO(Z) k+2 1 2171+ze

1 21+ zei®
e S e T URky SR e 2200
22 gy 2 k-2
1+ /0(2) == 0,(2) - 7 p,(2).

Since [27 d(6) =2m, i=1, 2, the p(z) are represented by the Herglotz-Stieltjes
0o 9P ) b; 12 8

formula and hence are in the class P.

Theorem 9. Let [ (z) belong to Vﬁ. Then
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zf, (2)
£, (2)
for some p, in P=Q} i=1,2.

={ ke 2y, -11-% [pz(z)—ll} -iacos a,

Proof. Differentiating both sides of (2.6), and dividing by f'(z), we obtain
122/ (2) = e~ %(cos a)fo(2)/ [4(2).
f2(2) . zfo(2) 42
O TP B

using Brannan’s theorem as proved above.
We are now in a position to improve the bounds obtained in Theorem 7 for

1+ ze®sec a —

p,(2) - ——pz(z)

certain values.of k& and a.

2 k
Theorem 10. Let f(2) =z + ayz’ + -+ + V5. Then max,svglaB -a2

5l <
L(a, k), where

L(a, k) =

(k = 2)(k + 6) cos’a ],
16

2<k<6,

—4cosa+(k+2)+(k—2)\/l+

=cosa[k cosa+(k+2)/ (k- 6)(k+2)cos a

e (k- 2)\/ (k - 2)(k+6)cos a]’ k> 6.

Proof. In the proof of Theorem 7, we saw that if f(2) =z + a2z2 + .-+ isin

vk then q(2) =1+ 2/"(2)/{'" () =1+ g,z + -+ is in 0% and a, - ag =

(2q2 - qf)/lz. Using the representation for ¢(z) given in Theorem 9,

q(z) = [ z 2 P (= )_ 4 p z(z)] acos a,

q"(z)=[k+2p"()— -zp'z'(z)] @cos a.

Since g, = ¢'(?) and 2q, = q"(9),

—a k 2 "
oyl - Toe e b [pI(O)—kZZ e~ (cos a)p!(0))’

12 4

(8.1) _k 2 ”(O)+

e'ia(cos a)(p'z(o))gl

2
+ ZI:k6 4]p;(0)p;(0)e'iacos a}.

The first two terms in (3.1) have the form p"(0) - ulp'(0)1%. If p(2) =1 + .7
is in P, then
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p"(0) = plp'(00)% = 2p, — pup? = 2(p, - (W/2)p?).

These quantities we can bound using the fact that [p, - (y/Z)pil < 2max{l, 1 —p,
psoven by Ziegler [12]. We take p = (k + 2/4)e™™® cos a in the first term of (8.1)

and p=- (k- 2/4'e* cos a in the second, and observe that
(8.2) | 1-((k+2)/4e " cos a| =11 + (k- 6)(k + 2) cos? a/16¥%,
(8.3) |1+ ((k=2)/4e "cos a| = {1 + (k+ 6)(k - 2) cos a/16}%,

(8.2) is greater than one when k > 6; (8.3) is greater than one when k> 2.
Finally, modulus of the third term of (8.1) can be bounded using the fact that
Iplf(O)l <2, i=1, 2. Application of the triangle inequality to (8.1) thus yields
the conclusion of Theorem 10.

T_heorem 11. If f(2) is in V’Z, then [(z) is univalent whenever

k2 -4 k+2 k-2 (k- 2)(k + 6) cos’ a
cosa[ i cos A + 2 + 3 /1+ 16

+ 2(k + 1)| sin a|] <2

when 2< k<6,

4 16

k+2f ("-2)(’”6)“5 x 2(k+1)|sina|]52, when k> 6.

Proof. Using the bounds derived in Theorem 10 and the procedure of proof

[k2—4 k+2/ (k= 6)k+2) cos’a
cos 4 + 1+

used in Theorem 8, we find that
1tf, z}| < (L{a, &) + 2(k + 1) | sin @| cos @)/(1 - |z]|?)?,

where L(a, k) is the functional of Theorem 10. According to Nehari’s test for
univalence [6), [ is univalent in E whenever [{/, z}| <2/(1 - |z| D)2

Corollary. If f(2) is in Vg, then [(z) is univalent whenever 0 < cos a < x,
.256 < x) < .257, where x is the positive root of 9x3 +9x2+ x-1=0.

Proof. Setting k= 2 in Theorem 11, we see that f(2) is univalent whenever
cos a[2 + 6|sin a |] < 2. Writing x = cos a, the condition above is equivalent to
X+ 3x\/1_.—7 <1,9x2(1 - x3) < (1= x)?, 9x3 +9x2 + x— 1<0.

This result agreed with the one obtained by Ziegler [12], who used a dif-
ferent approach. The result is the best known so far for this class.

For the case k=2, M. S. Robertson [10] has shown that for each a such
that cos a > Y there exists a function in Vi which is not univalent in E. We

conclude by generalizing this result.
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Theorem 12. If k and o satisfy the incquality

2
(8.4) cosalk—czis—a._z > 6,

then there exist functions in V]Z which are not univalent.
Proof. Let f,(z) be given by equation (2.7). Then
{/a’ z} = 2e " *[cos all+kz +22) - Ve 2% cos? a)(k? + 4kz 1 429)]/(1 - 2%)2,

|{/a,z}|z=0| = |2e7 @ cos a - Yo~ 2i%2 cos? al>cosal2- (k2 cos a)/2|.

According to Nehari’s test [6], any univalent function { has the property that
[/, 2}l <6/1 - |2|?, z in E. Hence, functions (2.7) satisfying the inequalities

(8.4) above are not univalent in E.
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